The next-to-next-to-next-to-leading order (N 3 LO) Hamiltonian of potential nonrelativistic QCD is derived. The complete matching of the Hamiltonian and the contribution from the ultrasoft dynamical gluons relevant for perturbative boundstate calculations is performed including one-, two-, and three-loop contributions. The threshold expansion is used to disentangle and match contributions of different scales in the effective-theory calculations. As a physical application, the heavyquarkonium spectrum is obtained at N 3 LO for the case of vanishing QCD beta function. Our results set the stage for a full N 3 LO analysis of the heavy-quarkonium system.
Introduction
The theoretical study of nonrelativistic heavy-quark-antiquark systems [1] and its applications to bottomonium [2] and top-antitop [3] physics rely entirely on first principles of QCD. These systems allow for a model-independent perturbative treatment. Nonperturbative effects [4, 5] are well under control for the top-antitop system and, at least within the sum-rule approach, also for bottomonium. This makes heavy-quark-antiquark systems an ideal laboratory to determine fundamental parameters of QCD, such as the strong-coupling constant α s and the heavy-quark masses m q . The study of tt threshold production should even allow for a precision study of Higgs-boson-induced effects. Recently, essential progress has been made in the theoretical investigation of the nonrelativistic heavy-quark threshold dynamics based on the effective-theory approach [6, 7] . In such a framework, one has two expansion parameters, α s and the relative velocity v of the heavy quarks. The corrections are classified by the total power of α s and v, i.e. N k LO corrections contain terms of O α l s v m , with l + m = k. This has the consequence that, in general, different loop orders, which are counted in powers of α s , contribute to the N k LO result.
Analytical results for the main parameters of the nonrelativistic heavy-quark-antiquark system are now available through the next-to-leading order (NLO) and the next-to-nextto-leading order (NNLO) [8, 9, 10, 11, 12, 13, 14, 15] . They have been applied to bottomonium [8, 11, 13, 15, 16, 17] and top-antitop [12, 14, 18, 19, 20, 21, 22, 23] phenomenology. Some specific classes of the next-to-next-to-next-to-leading order (N 3 LO) corrections have also been investigated [24, 25, 26, 27 ] (see Ref. [28] for a brief review). These corrections have turned out to be so sizeable that it appears to be indispensable to gain full control over this order, both with respect to phenomenological applications and in order to understand the structure and peculiarities of the nonrelativistic effective theory. Besides its phenomenological importance, the heavy-quarkonium system is very interesting from the theoretical point of view because it possesses a highly sophisticated multiscale dynamics and its study demands the full power of the effective-theory approach. No qualitatively new theoretical effects are expected beyond N 3 LO, so that the N 3 LO analysis would bring us much closer to the full understanding of the perturbative nonrelativistic dynamics.
In the present paper, we set the stage for the complete N 3 LO analysis of perturbative heavy quarkonium. In particular, we elaborate in detail the nonrelativistic effective Hamiltonian, which is the key object of the heavy-quarkonium theory, and its matching to the contribution associated with the emission and absorption of dynamical ultrasoft gluons, which are relevant for perturbative bound-state calculations [24, 29] . To this end, we employ the technique of Ref. [30] based on the effective-theory approach [6, 7, 31] implemented with the threshold expansion [32] .
This paper is organized as follows. In Section 2, we introduce the basic ingredients of the nonrelativistic effective-theory formalism and describe the main features of our approach. In Section 3, we recall lower-order results and analyze the one-and two-loop contributions to the N 3 LO Hamiltonian. In Section 4, we discuss the matching of the Hamiltonian to the ultrasoft contribution, which necessitates the inclusion of one-, two-, and three-loop contributions. In Section 5, we convert our results into corrections to the heavy-quarkonium spectrum and illustrate their phenomenological relevance. Section 6 contains our conclusions. In the Appendix, we present some details of our calculation of the 1/m q corrections to the heavy-quark potential.
Effective theory of nonrelativistic heavy quarks
The nonrelativistic behavior of the heavy-quark-antiquark pair is governed by a complicated multiscale dynamics. In the nonrelativistic regime, where the heavy-quark velocity v is of the order of the strong-coupling constant α s , the Coulomb effects are crucial and have to be taken into account to all orders in α s . This makes the use of the effective theory mandatory. The effective-theory approach allows us to separate the scales and to implement the expansion in v at the level of the Lagrangian. Let us recall that the dynamics of a nonrelativistic quark-antiquark pair is characterized by four different regions and the corresponding modes [32] :
(i) the hard region (the energy and three-momentum scale like m q );
(ii) the soft region (the energy and three-momentum scale like m q v);
(iii) the potential region (the energy scales like m q v 2 , while the three-momentum scales like m q v); and (iv) the ultrasoft region (the energy and three-momentum scale like m q v 2 ).
The ultrasoft region is only relevant for gluons, ghosts, and light quarks. Nonrelativistic QCD (NRQCD) [6, 7] is obtained by integrating out the hard modes. Subsequently integrating out the soft modes and the potential gluons results in the effective theory of potential NRQCD (pNRQCD) [31] , which contains potential heavy quarks and ultrasoft gluons, ghosts, and light quarks as active particles. The effect of the modes that have been integrated out is two-fold: higher-dimensional operators appear in the effective Hamiltonian, corresponding to an expansion in v, and the Wilson coefficients of the operators in the effective Hamiltonian acquire corrections, which are series in α s . The theory of pNRQCD is relevant for the description of the heavy-quarkonium system. Let us recall its basic ingredients. In pNRQCD, the (self)interactions between ultrasoft particles are described by the standard QCD Lagrangian. The interactions of the ultrasoft gluons with the heavy-quark-antiquark pair are ordered in v by the multipole expansion. For the N 3 LO analysis, only the leading-order (LO) emission and absorption of ultrasoft gluons have to be considered. They are described by the chromoelectric dipole interaction, which is of the form g s r · E, where g s is the QCD gauge coupling, r is the difference of coordinates of the quark and antiquark, and E = E a t a is the chromoelectric field, with t a being the generators of the colour gauge group SU(3). The propagation of the quark-antiquark pair in the colour-singlet (s) and colour-octet (o) states is described by the nonrelativistic Green function G s,o of the Schrödinger equation,
where E is the energy of the quark-antiquark pair counted from the threshold 2m q and H s,o is the effective nonrelativistic Hamiltonian,
with ∆ r = ∂ 2 r and r = |r|. The ellipses stand for higher-order terms in α s and v. The Coulomb (C) potentials for the singlet and octet states are attractive and repulsive, respectively, and are given by
where C A = 3 and C F = 4/3 are the eigenvalues of the quadratic Casimir operators of the adjoint and fundamental representations of the colour gauge group, respectively. Throughout this paper, we assume that α s = α s (µ) if no argument is specified. The LO approximation for the Green function is given by the Coulomb solution, which sums up terms singular at threshold and describes the leading binding effects. The corrections to the Coulomb Green function due to higher-order terms in the effective Hamiltonian can be found in Rayleigh-Schrödinger time-independent perturbation theory as in standard quantum mechanics. The Green functions have the following spectral representations:
where ψ s n and ψ s,o k are the wave functions of the quark-antiquark bound and continuum states, with principal quantum number n and relative three-momentum k, respectively, and the E + iε rule is implied. In Eqs. (4) and (5), the orbital and spin quantum numbers, l and m, respectively, are suppressed. Note that a discrete part of the spectrum (bound states) only exists for the singlet Green function. Through the emission or absorption of an ultrasoft gluon, the quark-antiquark pair changes its colour state, so that one switches from Eq. (4) to Eq. (5) and vice versa.
Let us now turn to the problem of perturbative calculations in the effective theory. Both NRQCD and pNRQCD have specific Feynman rules, which can be used for a systematic perturbative expansion. However, this is complicated because the expansion of the Lagrangian corresponds to a particular subspace of the total phase space. Thus, in a perturbative calculation within the effective theory, one has to formally impose some restrictions on the allowed values of the virtual momenta (see, e.g., Refs. [33, 34] for examples of highly sophisticated calculations performed in this scheme).
Explicitly separating the phase space introduces additional scales to the problem, such as momentum cutoffs, and makes the approach considerably less transparent. A much more efficient and elegant method is based on the expansion by regions [32, 35] , which is a systematic method to expand Feynman diagrams in any limit of momenta and masses. It consists of the following steps:
(i) consider various regions of a loop four-momentum k and expand, in every region, the integrand in Taylor series with respect to the parameters that are considered to be small there;
(ii) integrate the expanded integrand over the whole integration domain of the loop momenta; and (iii) put to zero any scaleless integral.
In step (ii), dimensional regularization, with d = 4 − 2ǫ space-time dimensions, is used to handle the divergences. In the case of the threshold expansion in v, one has to deal with the four regions and their scaling rules listed above. In principle, the threshold expansion has to be applied to the Feynman diagrams of full QCD. However, after integrating out the hard modes, which corresponds to calculating the hard-region contributions in the threshold expansion, it is possible to apply step (i) to the diagrams constructed from the NRQCD and pNRQCD Feynman rules [30] . Equivalently, the Lagrangian of the effective theory can be employed for a perturbative calculation without explicit restrictions on the virtual momenta if dimensional regularization is used and the formal expressions derived from the Feynman rules of the effective theory are understood in the sense of the threshold expansion. In this way, one arrives at a formulation of effective theory with two crucial virtues: the absence of additional regulator scales and the automatic matching of the contributions from different scales. The second property implies that the contributions of different modes, as computed in the effective theory, can be simply added up to get the full result. This automatic-matching property of effective-theory calculations in dimensional regularization was observed in Ref. [36] and used for high-order calculations in the theory of QED bound states in Ref. [37] . We should emphasize, however, the crucial rôle of the threshold expansion in effective-theory perturbative calculations because, in general, the naïve use of the effective-theory Feynman rules and dimensional regularization leads to incorrect results. Another advantage of the effective-theory realization of the threshold expansion is that the individual contributions from the hard, soft/potential, and ultrasoft regions are manifestly gauge invariant. Indeed, the Lagrangians of NRQCD and pNRQCD are gauge invariant, and dimensional regularization preserves the gauge symmetry as well. Thus, the QCD calculation of the hard corrections and the NRQCD calculation of the soft and potential corrections to the on-shell amplitudes can be performed in the covariant gauge suitable for relativistic problems, while the pNRQCD calculations can be done in the Coulomb gauge appropriate for nonrelativistic problems. In the next sections, we illustrate the power of the approach outlined above by an explicit analysis in pNRQCD at N 3 LO.
Nonrelativistic effective Hamiltonian
Let us start this section with a general remark on the structure of higher-order corrections in pNRQCD. As already mentioned in the Introduction, the corrections are classified by the total power of α s , counting the number of loops, and v or, equivalently, 1/m q . In particular, the N 3 LO Hamiltonian includes one-loop corrections of O(α s v 2 ), two-loop corrections of O (α 2 s v), and three-loop corrections of O (α 3 s ). In NLO, the only source of corrections is the renormalization and running of the Coulomb potential. In NNLO, relativistic corrections in v due to higher-dimensional operators start to contribute. In N 3 LO, retardation effects, which cannot be described by operators of instantaneous interaction, enter the game. They will be discussed in the next section. At this order, the nonrelativistic effective Hamiltonian becomes infrared (IR) sensitive. No qualitatively new theoretical effects are expected beyond N 3 LO. The general form of the Hamiltonian valid up to N 3 LO reads
where the following operators are involved
Here, p and p ′ are the three-momenta of the incoming and outgoing quarks, respectively, q = p ′ − p is the three-momentum transfer, and σ 1,2 are the quark and antiquark spin operators. Note that the effective Hamiltonian is defined for on-shell quarks, with p 2 = p ′ 2 = m q E. The Wilson coefficients are power series in α s ,
where the modified minimal-subtraction (MS) scheme for the renormalization of α s is implied.
In the following, we discuss the nontrivial terms in Eq. (6), which are sorted in terms of the inverse heavy-quark mass. The contribution from the hard-virtual-momentum region is analytic in v 2 and starts at O(v 2 ). Thus, it does not affect V C (|q|) and V 1/m (|q|). Corrections to the static Coulomb potential only arise from the soft contribution. Using renormalization group (RG) arguments, they can be rewritten as
The RG logarithms can be recovered from Eq. (9) by recalling that (see, e.g., Ref. [38] )
where L = ln(µ 2 /q 2 ) and [39] β 0 = 1 4
are the first three coefficients of the QCD beta function. Here, T F = 1/2 is the index of the fundamental representation, and n l is the number of light-quark flavors. The non-RG logarithmic term of O(α 3 s ) in Eq. (9) reflects the IR divergence of the static potential [40] . The corresponding pole is canceled against the ultraviolet (UV) one of the ultrasoft contribution [24, 41] . For convenience, this pole is subtracted in Eq. (9) according to the MS prescription, so that the coefficient a 3 is defined in the MS subtraction scheme both for UV and IR divergences. For consistency, the UV pole of the ultrasoft contribution has to be subtracted in the same way. Throughout the calculation, we use the same procedure to render the contributions from the various regions finite. The actual cancellation of the spurious divergences appearing in the process of expanding by regions is reflected in the µ independence of the final result.
In the literature [24, 40, 41] , the coefficient in front of the IR logarithm in the O(α
. This is a consequence of the consistent use of dimensional regularization in our analysis based on the threshold expansion. The difference is due to the fact that we perform all three loop integrals in d dimensions, not just the one that is IR divergent. The logarithmic terms not associated with IR-divergent integrals are unphysical and are exactly canceled by similar terms from the three-loop ultrasoft-potential-potential contribution, in which only the ultrasoft integral is UV divergent (see Section 4), while the physical logarithmic integral between soft and ultrasoft scales results in ln α s corrections to the spectrum. The calculation of the coefficients a i can be performed in the static limit m q → ∞ of NRQCD. Due to the exponentiation of the static potential [42] , these coefficients only receive contributions form the maximum non-Abelian parts. In the language of the threshold expansion, the selection of these parts effectively separates the contribution of the soft region. The Abelian colour factor C F indicates the presence of the Coulomb singularity and implies that at least one loop momentum is potential. All such contributions are just iterations of the lower-order potential and are taken into account in the perturbative solution of the Schrödinger equation (1) around the Coulomb approximation.
The one-loop coefficient,
has been known for a long time [42, 43] , while the two-loop coefficient has only recently been found [44, 45] . In our previous communication [30] , we confirmed the result of Ref. [45] ,
where ζ is Riemann's zeta function, with value ζ(3) = 1.202057 . . .. At present, only Padé estimates of the tree-loop MS coefficient are available, namely [46] 
Although the Padé estimates are in reasonable agreement with the exact results where the latter are available, the reliability of Eq. (14) is not guaranteed, and it is very desirable to exactly evaluate the coefficient a 3 . However, in Section 5, we show that even a 100% uncertainty in a 3 would not result in a significant error in the N 3 LO corrections to the spectrum for the states with small principal quantum number.
The 1/m q -suppressed terms of Eq. (6) receive contributions from the soft and potential regions and, applying RG techniques, can be written in the following form:
Our result for the two-loop coefficient b 2 is listed in Ref. [30] . A more detailed description of the calculation is presented in Section 3.2. The coefficient of the two-loop IR logarithm in Eq. (15) can be extracted from the UV divergence of the ultrasoft contribution [24] . However, similarly to the case of the IR divergence of the static potential, one has to take into account additional logarithmic terms resulting from the consistent use of dimensional regularization.
The RG analysis results in the following representation of the 1/m 2 q part of the effective Hamiltonian:
where the contributions from the annihilation channel are marked by the superscript a. The normalization scale of α s in the one-loop scattering terms is not fixed because they receive contributions from both the soft and hard regions. According to the RG, the scale of α s should be chosen to be µ h ≈ m q for the hard contribution and µ s ≈ α s m q for the soft one. The IR one-loop logarithms which match the UV behavior of the ultrasoft contribution [24] are written out explicitly in Eq. (17) . The calculation of the one-loop coefficients d i 1 within the threshold expansion is discussed in Section 3.1. Some of these coefficients also contain logarithms of the form ln m 2 q /q 2 originating from the logarithmic integration between the soft and hard scales. The purely relativistic tree-level O(v 2 ) corrections are given, up to a colour factor, by the standard Breit Hamiltonian and read
The QED effective Hamiltonian for n l light fermions is obtained from the above expressions by setting C A = 0 and C F = T F = 1. Note that the QED Breit Hamiltonian has a nonvanishing one-photon annihilation coefficient,
which is absent in the case of colour-singlet quarkonium due to colour conservation. In Refs. [36, 49] , dealing with QED bound-state calculations in the Coulomb gauge, one finds Wilson coefficients different from the Abelian parts of those listed in Eqs. (16) and (18) . Using them would lead to
These two sets of coefficients are equivalent, and the difference is related to the use of offshell operators in the Hamiltonian. This problem is discussed in more detail in Section 3.2.
One-loop operators
The O(α s v 2 ) operators, contributing to N 3 LO at one loop, have attracted some attention, and an essential part of the results can be found in the literature [47, 48, 49, 50, 51, 52, 53, 54] . Here, we present a consistent derivation of these corrections within the threshold-expansion framework. The O(α s v 2 ) operators receive contributions from the hard and soft/potential regions. The contribution from the hard region requires a fully relativistic treatment. A part of it is directly related to the Wilson coefficients c F , c D , c S , and d 2 parameterizing the Fermi, Darwin, spin-orbital, and heavy-quark vacuum-polarization terms in the NRQCD Lagrangian, respectively [52] . The residual part arises from the on-shell scattering and annihilation box diagrams at threshold [53] .
The calculation of the soft contribution can be performed in NRQCD. In the effectivetheory language, we study the reduction from NRQCD to pNRQCD and compute the effect of the soft modes being integrated out. Apart from the standard LO terms of the NRQCD Lagrangian, we need the 1/m q -suppressed terms originating from the covariantderivative operator D 2 /(2m q ) acting on the quark and antiquark fields, the Fermi, Darwin, and spin-orbital terms. Note that the covariant-derivative operator includes the quark kinetic-energy term k 2 /(2m q ). According to the threshold expansion, it should be treated as a perturbation if k is soft or kept in the nonrelativistic quark propagator,
if k is potential. The potential region is connected with the contribution of the pole of the propagator of Eq. (21) to the integral over k 0 . In this connection, we can make an interesting observation. Let us consider two-particle-irreducible diagrams that are free of Coulomb singularities, so that the k 0 contour is not pinched between the poles of the quark and antiquark propagators. In this case, one can close the contour of the k 0 integral keeping the poles either inside or outside. The contribution from the potential region is obviously different in these cases, although the result for the integral is the same. This means that separating the contributions from the soft and potential regions for diagrams without Coulomb singularity is useless, and the propagator of Eq. (21) can thus be safely expanded in 1/m q in both regions. In fact, the expansion of the pole contribution yields familiar generalized functions of k 0 , namely δ (n) (k 0 ). This observation dramatically simplifies the calculation, which can be performed in a covariant form after
By contrast, the two-particle-reducible diagrams including the product of the quark and antiquark propagators,
where k is the two-particle-reducible loop four-momentum, suffer from a Coulomb singularity. In this case, after expanding the quark propagator, one obtains ill-defined pinched products like
Thus, separating the soft and potential regions is unavoidable. In the soft region, the pole contributions of the quark and antiquark propagators have to be excluded, and the above product should be defined to be its principal value,
which again allows for a covariant treatment. In the potential region, the quark and antiquark propagator poles produce contributions of the form
where the 1/v Coulomb singularity shows up explicitly. After integration over k 0 , Eq. (25) yields the nonrelativistic Green function of the free Schrödinger equation. A contribution of this type can always be related to iterations of the operators of the effective Hamiltonian in time-independent perturbation theory. Therefore, it should not be considered as a correction to the Hamiltonian. However, there is one subtle question here, namely as to whether the operators that vanish for on-shell quarks should be included in the effective Hamiltonian or not. This does not affect the 1/m 2 q potential, but it matters for the 1/m q operator discussed in Section 3.2.
One has to be careful with the definition of commutators of the Dirac/Pauli matrices within dimensional regularization. Since poles in ǫ are only present in the individual contributions from the hard and soft regions and drop out in the sum, one can explicitly retain the commutators during the analysis of the these regions and replace them by the four/three-dimensional expressions in the final result [37] . Otherwise one has to use the same prescription for the evaluation of the commutators of the Dirac/Pauli matrices in the hard and soft regions. Throughout the calculation, we use the four/three-dimensional antisymmetric ǫ tensor for the definition of the commutators as was done in Ref. [54] . (This differs from the prescription of Ref. [53] .)
The one-loop calculation poses no technical problems, and our results for the Wilson coefficients read
where the contributions from the hard (h) and soft (s) regions are explicitly separated.
The first two equations of Eq. (26) are written in a way appropriate for Eq. (17) . As in NNLO, the one-photon-annihilation channel provides an additional contribution to the QED Wilson coefficient, namely
The QED part of Eq. (26) is in agreement with Ref. [31] . The non-Abelian part of Eq. (26) agrees with Ref. [54] , including the nonlogarithmic C A term in the coefficient d δ 1 , which differs from the one of Ref. [48] .
Two-loop operators
The O (α 2 s v) part or the effective Hamiltonian is given by the two-loop corrections to the 1/m q potential. These corrections are solely generated by the covariant-derivative operator in the NRQCD Hamiltonian. The calculation of the two-loop 1/m q potential is simplified by the absence of the hard contribution, but, in turn, it is complicated by the presence of off-shell operators.
To introduce the problem, let us start with the one-loop 1/m q potential. For illustrative purposes, we use the Feynman gauge, where the Coulomb and transverse gluons do not mix. Nonzero contributions come from the planar and crossed box diagrams and a diagram with one three-gluon vertex. The last two diagrams do not contain Coulomb singularities. According to the procedure described in the previous section, the quark and antiquark propagators should be expanded in 1/m q . The result reads
The soft contribution to the planar box diagram vanishes because the 1/m q terms from the expansion of the quark and antiquark propagators cancel. The potential contribution corresponds to the second iteration of the operators generated by the exchange of one potential gluon. The operators that are defined for on-shell quarks enter the effective Hamiltonian, and their iteration is taken into account when Eq. (1) is solved. However, the potential-gluon exchange also generates operators proportional to the energy transfer q 0 = (p ′ 2 − p 2 )/(2m q ), which vanish for on-shell quarks. Such operators do not enter the effective Hamiltonian, which is defined on-shell, and their iterations should be considered as corrections to the effective Hamiltonian. The factor q 0 cancels the denominator of the free nonrelativistic Green function and effectively makes the diagram two-particle irreducible. The Coulomb singularity brings a factor of m q , so that for the calculation of the 1/m q corrections we need the iteration of the 1/m 2 q off-shell operator and the leading Coulomb potential. In the case under consideration, the relevant off-shell operator is
Explicit evaluation of the corresponding potential contribution yields
and the coefficients of Eqs. (28) and (30) The equivalence of the two formulations is obvious from the above analysis. The use of off-shell operators is advantageous in QED because it allows one to reduce the number of loops by means of the Coulomb equation of motion, as may be seen by comparing Eqs. (29) and (30) . However, here we use the on-shell formulation and the general covariant gauge, which is more suitable for multiloop QCD calculations. The structure of the expansion remains intact at two loops, and our final result reads
There is no fully Abelian C 3 F contribution in b 2 , as is known from the QED analysis [36, 49] . In the calculation of the two-loop two-particle-irreducible diagrams, which completely determine the maximum non-Abelian C 2 A C F and C A C F T F n l structures of the result, we used an expanded form of Eq. (21) . Typical diagrams contributing to the C 2 A C F part are depicted in Fig. 1 . The analysis of the relevant two-particle-reducible diagrams, shown in Fig. 2 , is conceptually similar to the one-loop case described above. Let us discuss it in more detail. The reducible loop momentum can be either soft or potential. If it is soft, the quark and antiquark propagators can be expanded, and the only nonzero contribution corresponds to the situation where the single gluon is the Coulomb one and the 1/m q term is kept in the expansion of the one-loop block, B. If the reducible loop momentum is potential, then one only has to take into account contributions from the off-shell operator. There are two possibilities: (i) the off-shell operator is generated by the single-gluon exchange, and the block B stands for the one-loop corrections to the Coulomb potential; or (ii) the off-shell operator comes from the 1/m 2 q part of the oneloop block B, and the single gluon is the Coulomb one. The analysis of the potential contribution is rather straightforward from the technical point of view. The calculation of the two-particle-irreducible diagrams and the soft parts of the two-particle-reducible diagrams is more involved. Some details are presented in the Appendix. We performed a number of nontrivial checks for our analysis. (i) We worked in the general covariant gauge and verified that the gauge parameter cancels in our final result.
(ii) The two-loop expression from which Eq. (31) is obtained contains both UV and IR divergences. The UV ones were removed in Eq. (31) by the renormalization of α s in the one-loop result of Eq. (15) . On the other hand, the IR divergences were canceled by the UV ones of the ultrasoft contribution (see Section 4) leaving a finite result for the spectrum. The RG logarithms proportional to β 0 and the IR logarithms are in agreement with Eq. (15) . (iii) To test our program, we also recalculated the two-loop corrections to the static heavy-quark-antiquark potential and found agreement with Ref. [45] . Note that, with our prescription for the calculation of the soft and potential contributions, we explicitly obtained zero for the partially Abelian corrections to the static potential.
Ultrasoft contribution
For the N 3 LO Hamiltonian, only the leading retardation effects are needed. They arise from the chromoelectric dipole interaction of the heavy quarkonium with a virtual ultrasoft gluon, as depicted in Fig. 3 . In the analysis of the ultrasoft contribution, we proceed along the lines of the original analysis [24] . As has been mentioned in Section 2, there is freedom in the choice of gauge. We work in the Coulomb gauge, which is especially appropriate for N 3 LO calculations in pNRQCD because the Coulomb gluon does not propagate and the dynamical gluon is transverse. The analytical expression for the corrections to the singlet Coulomb wave function can be obtained by using the pNRQCD Feynman rules of Section 2. It reads
where
with
The sum/integral in Eq. (32) goes over the whole spectrum, and m and n stand for the complete set of quantum numbers characterizing the discrete/continuum part of the spectrum. The scale µ us ≈ α 2 s m q of g s in Eq. (33) reflects the ultrasoft-momentum flow through the gluon propagator. The matrix element r kn is taken between the singlet Coulomb wave function of quantum number n and the octet Coulomb wave function of three-momentum k. Performing in Eq. (34) the integration over l 0 , we recover the expression of time-independent nonrelativistic perturbation theory. The remaining integral over l is UV divergent. Subtracting the UV pole according to the MS prescription, we obtain
where, for convenience, the Coulomb energy,
with n = 1, has been introduced into the arguments of the logarithms. The k-dependent logarithmic term in Eq. (35) represents a pure retardation effect and cannot be interpreted in terms of some instantaneous interaction. It receives contributions from Coulombgluon-exchange diagrams of all orders and leads to a QCD analogue of the familiar Bethe logarithms in the corrections to the spectrum, to be discussed in the next section. On the other hand, making use of the completeness relation,
the remaining part of Eq. (35) , excluding the k-dependent logarithmic term, is reduced to an instantaneous interaction of the form
where the reducible part includes terms with the operator E − H s C acting directly on a wave function. By using Eqs. (32), (35), (37) , and (38) , one arrives at the following representation of the corrections to the Green function:
where, in momentum space,
The first term in Eq. (39) imitates the corrections to the Green function due to the N 3 LO term of Eq. (40) in the effective Hamiltonian. The contact terms correspond to the reducible part of Eq. (38) . By the equation of motion (1), one or both Coulomb Green functions in Eq. (39) are converted into δ functions. The corresponding contribution cannot be imitated by a term of the effective Hamiltonian. It does not affect the energy levels, but it leads to corrections to the wave functions. A part of such corrections, namely the on-shell renormalization of the heavy-quarkonium wave function at the origin, was computed in Ref. [24] . In the present paper, we refrain from discussing this type of corrections. Although dimensional regularization was used in deriving Eq. (40), the latter is not consistent with the threshold expansion because the three-dimensional expression for the Coulomb Green function was used instead of the (d − 1)-dimensional one, which is not available. Thus, Eq. (40) derived in Ref. [24] requires some additional matching. For this purpose, we separate the divergent contributions from the diagram of Fig. 3 and compute them according to the threshold expansion. Eq. (40) implies that only the one-, two-, and three-loop contributions encoded in the diagram of Fig. 3 are divergent. They include one divergent ultrasoft loop integration and zero, one, or two convergent potential loop integrations. The three-dimensional form of the Coulomb Green function used in the evaluation above implies that the integration over the potential momenta is performed in three dimensions, while, for the corresponding contributions obtained within the threshold expansion, they are done in d − 1 dimensions. Thus, the matching term is given by the difference of the diagrams computed in d − 1 dimensions and the same diagrams with three-dimensional integrals over the potential momenta in the limit ǫ → 0. Only two-and three-loop diagrams have to be considered. Examples of such diagrams are presented in Fig. 4 . The calculation is simplified by the fact that, for the matching, we only need the pole part of the ultrasoft integral, which factorizes. For the two-particle-reducible diagrams of the type shown in Fig. 2 , one has to take into account the off-shell operators generated by the two-particle-irreducible block B with one ultrasoft loop in a way similar to the case of the 1/m q potential in Section 3.2. In addition to the O(α s v 2 ) operator proportional to Eq. (29) with an extra factor of α s , the one-loop ultrasoft exchange generates an off-shell operator proportional to
which, in three dimensions after adding one extra Coulomb gluon, results in the same 1/m q term as the operator of Eq. (29) . The matching terms are found to be
Incidentally, the three-loop coefficient does not have a constant term. The µ dependence of the ultrasoft contribution H us + δH us exactly cancels the µ dependence of the N 3 LO Hamiltonian given in Eqs. (9), (15), and (17) ensuring the cancellation of IR and UV poles.
Heavy-quarkonium spectrum
Let us now apply the results of the previous sections to the analysis of the heavyquarkonium spectrum. We restrict the analysis to the perturbative corrections, neglecting issues like nonperturbative contributions in the case of bottomonium and finite-width effects in the case of the top-antitop system. This is justified because the problem of large perturbative corrections seems to be crucial for the heavy-quarkonium theory. Furthermore, we only consider the zero-orbital-momentum states, with l = 0, which are of primary phenomenological interest. (ii) higher iterations of the NLO and NNLO operators of the effective Hamiltonian in time-independent perturbation theory;
Perturbative α
(iii) matrix elements of the N 3 LO instantaneous operators generated by the emission and absorption of ultrasoft gluons; and (iv) retarded ultrasoft contribution. Parts (i) and (ii) include corrections due to the running of α s in the lower-order operators of the effective Hamiltonian proportional to β i , with i = 0, 1, 2. The logarithmic part of these corrections can be taken into account by choosing the relevant soft normalization scale of α s in the NNLO result for the spectrum to be µ s ≈ α s m q . However, there are also nonlogarithmic corrections proportional to the QCD beta function. We postpone the calculation of these corrections to a future publication. Here, we focus our attention on the conceptually interesting non-RG corrections. In the absence of the running of α s , the calculation of part (ii) is reduced to a redefinition of α s in the leading Coulomb approximation. The matrix elements relevant for parts (i) and (iii) are conveniently evaluated in coordinate space. All necessary formulae, including Fourier transforms, can be found in Ref. [48] . Part (iv) corresponds to the k-dependent term of Eq. (35) . The ultrasoft corrections to the n-th energy level are given by J nn (E n ), and its retarded part can be written as 2C
where we have introduced the QCD Bethe logarithms [24]
The latter can be reduced to one-parameter integrals of elementary functions [24] . 1 For the reader's convenience, we list the relevant formulae here. They read
The expressions for X n with n > 3 are usually irrelevant for practical applications. For n = 1, 2, 3, we obtain the following numerical values:
Putting everything together and writing
we obtain our final result for the N 3 LO corrections to the heavy-quarkonium energy levels in the approximation of putting β(α s ) = 0:
where S is the spin quantum number,
is Euler's gamma function, and γ E = 0.577216 . . . is Euler's constant. The terms proportional to a 1 correspond to iterations of lower-order operators. We have not included in Eq. (50) the imaginary part corresponding to the partial width of the decay of the S = 0 state to two gluons,
The logarithmic part of Eq. (50),
is known from previous analyses [25, 26] . For the corrections to the n = 1, 2, 3 energy levels, we find numerically 
Numerical estimates and phenomenological examples
To illustrate the phenomenological relevance of our results, let us consider two important physical examples: the resonance in top-antitop threshold production by e + e − annihilation via a virtual photon and the lowest Υ resonance. We neglect nonperturbative contributions and finite-width effects, so that the masses of the resonances are determined by the perturbative expressions with principal quantum number n = 1 and spin quantum number S = 1. The complete NLO and NNLO corrections may be found in Refs. [8, 13, 18] , and the N 3 LO ones for β(α s ) = 0 are given in Eq. (53) . To take into account the N 3 LO RG logarithms, we normalize α s in NLO and NNLO at the soft scale µ s = C F α s (µ s )m q . The setting of the normalization scale in the O(α 3 s ) corrections is a more subtle problem. In this order, the hard and ultrasoft regions start to contribute. This results in RG logarithms with corresponding scales. Furthermore, the contributions from different regions are not separately finite, and the operators of the effective Hamiltonian acquire anomalous dimensions, which result in non-RG logarithms [see Eqs. (9), (15) , and (17)]. Thus, starting with the next order, the RG and non-RG logarithms mix. The correct treatment of the logarithmic corrections is possible within the effective-theory RG approach [20, 55, 56, 57, 58, 59, 60, 61] . For simplicity, we ignore these sophistications for the time being and employ the soft normalization point for the whole of the O(α 3 s ) corrections. As an estimate of the nonlogarithmic corrections proportional to β i , we use the β 3 0 term, which is currently only known for n = 1 [27] ,
with ζ(5) = 1.036928 . . ., and is expected to dominate the corrections of this type. For the top-antitop system, we use m t = 176 GeV and α s (µ s ) = 0.14 to find the perturbative expansion of the binding energy to be
where the N 3 LO contributions due to the a 3 and β the NNLO result. Although the O(α 3 s ) corrections are still important, the series shows reasonable convergence, which makes us optimistic about an accurate determination of m t and α s from this observable.
As for the Υ(1S) resonance, we use m b = 4.8 GeV and α s (µ s ) = 0.31 to find the perturbative expansion of the binding energy to be
This implies that the value of m b extracted from the Υ(1S) resonance is increased by approximately 170 MeV in comparison to the NNLO result. Although there is no further growth of the perturbative corrections, the O(α 3 s ) corrections seem to be too large to expect a reliable prediction from the N 3 LO result, and some optimization, e.g. by mass and/or coupling-constant redefinition, is necessary to improve the convergence of the series.
In the above estimates we used the Padé results of Eq. (14) for the coefficient a 3 . The accuracy of the Padé approximation is difficult to estimate, and a significant deviation from the exact result does not seem impossible. However, from Eqs. (55) and (56) we observe that the corresponding contribution only provides about 10% of the total O(α The origin of the large NLO and NNLO corrections in Eqs. (55) and (56) is usually attributed to the IR-renormalon contribution. This contribution is absent in the IRsafe "short-distance" masses, and the perturbative series for such masses are expected to exhibit faster convergence (see, e.g., Refs. [15, 16, 17] ). We observe, however, that, in the top-antitop case, the perturbative series numerically converges even in the pole-mass scheme. On the other hand, in the bottomonium case, the O(α 3 s ) corrections remain sizeable even for β(α s ) = 0, i.e. the naïve subtraction of the renormalon contribution through a mass redefinition does not completely solve the problem of large perturbative corrections.
Our next comment concerns the corrections logarithmic in α s . Using the effectivetheory RG equations, it is possible to sum up the logarithmic corrections to the energy levels to all orders. The presence of several correlated scales renders the problem very interesting and nontrivial from the conceptual point of view. Now there are two contradictory results [59, 60] on the resummation of the α n+4 s ln n α s terms in the series for the energy levels, the first of which is given by Eq. (52) . The result of Ref. [60] is obtained within pNRQCD, while an alternative formulation of effective theory, velocity NRQCD (vNRQCD), was used in Ref. [59] . Since there can be only one correct result, this issue has to be clarified. In any case, it is interesting to check the accuracy of the logarithmic approximation. Numerically, the logarithmic series is dominated by its first term, which provides about 80% in both the bottomonium and top-antitop cases [59, 60, 62] . From Eq. (53), we observe that the full result has approximately the same magnitude, but the opposite sign compared to the logarithmic contribution. We thus conclude that, while the logarithmic contributions in some order can give us a hint at the order of magnitude of the full contribution of that order, the practical relevance of the high-order resummation is questionable. This is not unexpected because the resummation parameter α n s ln m α s is neither large for α s ≈ 0 nor for α s ≈ 1.
Conclusion
In this paper, we took a crucial step towards the N 3 LO analysis of the heavy-quark threshold dynamics. We used the effective theory of pNRQCD and the threshold expansion for a detailed analysis of the nonrelativistic Hamiltonian in this order. Explicit expressions for the N 3 LO Hamiltonian in one and two loops were given. We also presented the full matching of the Hamiltonian to the contribution from the ultrasoft gluons, which enter the bound-state dynamics in this order. The matching calculation includes one-, two-, and three-loop operators. To complete our analysis, the three-loop MS coefficient a 3 of the corrections to the static potential, for which only Padé estimates are available, has to be computed.
With the full expression for the Hamiltonian and the ultrasoft contribution at hand, it is straightforward to complete the N 3 LO analysis of the heavy-quarkonium spectrum. In this paper, we derived the heavy-quarkonium spectrum in this order, neglecting the nonlogarithmic terms proportional to the QCD beta function. For the latter, only the β 3 0 term for the ground-state energy is known so far.
Collecting all available contributions, we found the N 3 LO corrections to be sizable for the top-antitop system, where, however, the perturbative series for the resonancepeak energy exhibits a tendency to converge even in the pole-mass scheme. In the case of the Υ(1S) resonance, the corrections are so sizeable, that some kind of optimization of the perturbative expansion is needed, e.g. by removing the pole mass in favour of a renormalon-free short-distance mass. However, we should emphasize that, in the bottomonium case, the N 3 LO corrections remain sizeable even for β(α s ) = 0, and the bad behaviour of the perturbative series cannot be solely explained by the renormalon contribution.
In order to render the analysis more accurate, the remaining nonlogarithmic terms proportional to the QCD beta function have to be evaluated along with the a 3 coefficient. However, we do not expect a qualitative change of our result.
The result of this paper also provides a starting point for the calculation of the N 3 LO single-logarithmic α 3 s ln α s corrections to the heavy-quarkonium production and annihilation rates, similarly to a number of QED bound-state problems [63, 64, 65, 66] . While the analysis of the nonlogarithmic terms in this order requires the calculation of the threeloop hard renormalization of the relevant production and annihilation amplitudes, which still is a challenging theoretical problem, the logarithmic terms are universal and essentially determined by the effective Hamiltonian and the ultrasoft contribution presented in this paper. Along with the known double-logarithmic α 3 s ln 2 α s terms [26] , the singlelogarithmic contribution would constitute an essential part of the N 3 LO corrections to the heavy-quarkonium production and annihilation rates. The calculation of the singlelogarithmic terms would also lead to further progress in the resummation of the logarithms in v via the nonrelativistic effective-theory RG [58, 61] , since it determines an anomalous dimension necessary for the NNLO logarithmic analysis of heavy-quarkonium production and annihilation. Although it is, in general, dangerous to rely on the logarithmic approximation, as we observed in the case of the spectrum, the situation could be different for the cross section normalization, where the N 3 LO double-logarithmic contribution is known to be sizeable and the resummation of the logarithmic terms could stabilize the behavior of perturbation theory [58] . + = 0, 1, a 2 , a 3 + 1, . . . , a 8 ).
We developed a reduction procedure very similar to the one of Ref. [67] . In our problem, however, we need a larger class of integrals that arise in the calculation of the 1/m q corrections in the general covariant gauge. The main difference between our reduction procedure and the one of Ref. [67] is that we stop the reduction if we arrive at integrals expressed in terms of gamma functions for finite ǫ. There are two subclasses of the integrals of Eq. (57) that are only evaluated as expansions in ǫ up to some order. The first of them was described in Ref. [44] , namely I(a 1 , . . . , a 5 ; q 2 ; ǫ)
In particular, we have J(0, a 2 , a 3 , 0, a 5 , a 6 , 0, a 8 ) = I(a 5 , a 3 , a 2 , a 8 , a 6 ), J(a 1 , 0, 0, a 4 , a 5 , a 6 , a 7 , 0) = I(a 1 , a 4 , a 5 , a 6 , a 7 ).
The master integrals for this subclass are 
We need also integrals of the type of Eq. (60) with a numerator that can be chosen to be q · k or q · l. The reduction of these integrals is quite similar and also results in two master integrals. The second subclass of the integrals of Eq. (57) that are not expressed in terms of gamma functions for general ǫ consists of integrals with a 5 = a 6 = a 7 = 0. Using Feynman parameters, the general integral of this kind can be represented in terms of the following Mellin-Barnes representation: 
where a = 5 i=1 a i . We performed a reduction to integrals with a 2 = a 3 = a 4 = a 5 = 1 and evaluated them by means of Eq. (63) for the required values of a 1 . In particular, we found J (1, 1, 1, 1, 0 
